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Abstract: A recent analysis reveals that any attempt to estimate the underlying two-dimensional (2D) motion of a surface target
via general bistatic synthetic aperture radar yields ambiguities, so that alternate target trajectories can give the same
measurement data. These ambiguities are of a continuous nature and are fundamentally distinct from the discrete ambiguities
that arise in pulse-Doppler moving target indication radar. The current investigation relaxes the constraint that the mobile target
lies on the surface of a ground plane, so that air targets with general 3D motion are considered. Specifically, the current paper
develops methods for constructing alternate fictitious 3D target trajectory and speed profiles in time which yield identical radar
measurements as that obtained from the true 3D target motion. These ambiguities are shown to remain even with the inclusion
of bistatic range rate or Doppler measurements. Thus, the energy patterns of the radar transmission and reception beams
determine the ability to localise and estimate the 3D target trajectory and speed profiles for general bistatic radar collections.
1 Introduction
Radar provides all-weather information on the detection,
localisation, and identification of targets within the scene. One
methodology for collecting information on targets constrained on
the earth's surface is via the generation of synthetic aperture radar
(SAR) imagery. SAR offers accurate imagery of stationary surface
targets, though moving targets typically yield artefacts which are
smeared beyond recognition. In response, a number of researchers
have developed methods which attempt to focus surface moving
target smears [1–22]. The investigation of the general features and
detection of such moving target smears is also of interest [1–17,
23–28]. Recent analyses have considered the signatures of surface
targets with arbitrary motion [29–36].
Some investigators have examined ambiguities which arise in
estimating the kinematics parameters corresponding to a particular
moving target signature. Specifically, the authors in [37–41]
present these ambiguities for monostatic collection geometries in
which the radar transmitter and receiver are co-located on the same
platform. In particular, these investigations consider the case in
which the radar and target move with constant velocity during the
SAR collection interval. These researches present an example in
which one stationary target and one moving target each give
identical radar phase history data sets. That is, it is not possible to
determine which particular target trajectory is the cause of the
measurement data. An additional example is presented which
reveals that a slow target that is moving in the radar down-range
direction can give the same measurements along the synthetic
aperture as that corresponding to a faster target which is moving
oblique to the down-range direction.
A recent investigation [42] examines the issues associated with
attempting to generate unique estimates of the underlying ground-
plane motion of a given mobile surface target based on a general
set of SAR measurements. This analysis reveals that it is not
possible to use bistatic range and Doppler measurements to obtain
unique estimates of the underlying motion for a surface target
which is permitted to move with arbitrary 2D motion. Unique
target motion estimates are possible only with the inclusion of
addition constraints such as prior knowledge that the target lies
somewhere along the one-dimensional (1D) locus of a road.
The analysis in the current paper relaxes the constraint that
mobile targets lie on the earth's surface, thus enabling application
to air targets with general 3D trajectories and speed profiles. This
current investigation develops a methodology for constructing
alternate fictitious 3D target trajectories and speed profiles which
give identically the same bistatic range and Doppler measurements
as that obtained from the true 3D target motion. Thus, it is not
possible to use a set of bistatic range and Doppler measurements to
obtain a unique estimate of the underlying target motion for a
general air target that can move arbitrarily in 3D. Attempts to
localise the target position and to estimate its 3D trajectory and
speed profiles can be obtained only through the narrowing of the
overlap of the energy patterns of the radar transmission and
reception beamwidths.
Throughout this work, the term ‘moving target’ refers to any
target with the ability to move freely in 3D space including the
degenerate case of a stationary target as occurs with a helicopter
that is hovering at a fixed 3D position. In addition, the term
‘bistatic’ radar collection includes the degenerate monostatic case
in which the radar transmitter and receiver are co-located on the
same mobile platform. Finally, the term ‘air target’ refers any target
which is not constrained to lie on the earth's surface and thus can
move freely in 3D space.
Section 2 presents the assumptions for the radar measurements.
Section 3 discusses the target motion and resulting 3D ambiguity
ellipsoids. Section 4 provides a method for generating alternate 3D
target trajectories and speed profiles. Section 5 reveals that these
target motion ambiguities remain even with the inclusion of
Doppler measurements. Section 6 presents a numeric example of
generating an alternate 3D target trajectory and speed profile for a
given set of true target motion parameters. The final section
contains the conclusions.
2 Measurement assumptions
The following gives the assumptions for the radar system and
moving target. Many are similar to that of the earlier analysis [42]
for surface targets. Nevertheless, these conditions are listed below
for clarity. In addition, non-relativistic speeds are implied
throughout:
a. Each radar waveform propagates at a constant speed c.
b. The instantaneous positions of the radar transmitter and
receiver are permitted to be: (a) co-located on a single
platform, (b) located on separate platforms, or (c) located at
differing positions on a single platform.
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c. Both the transmitter and receiver can move with an arbitrary
3D trajectory in space and with an arbitrary speed profile in
time.
d. The 3D trajectory and speed profile for both the transmitter
and receiver are permitted to be known with arbitrary
precision.
e. An idealised point target is permitted to move with an
arbitrary 3D trajectory and an arbitrary speed profile. That is,
the target is not constrained to lie on any 2D ground plane.
f. The 3D trajectory and speed profile for the target are
unknown to the radar system.
g. The number of radar waveforms is permitted to be arbitrary.
h. The complex-valued phase relationship amongst all radar
waveforms is permitted to be maintained with arbitrary
precision, so that the radar returns can be processed
coherently.
i. The bandwidth of each radar waveform is permitted to be
arbitrarily large, so that the resulting range resolution and
accuracy can be arbitrarily high as well.
3 True 3D target trajectory
The methodology for demonstrating the subject ambiguity depends
on the ability to construct alternate target motions which yield the
same set of radar measurement data. Specifically, this analysis
shows that the essential mapping for this problem is from many
possible 3D target trajectory and speed profiles to a single set of
radar measurement data. Therefore, if a bistatic radar system
collects a given set of measurement data, then it is not possible, in
general, to invert these data in order to yield a unique estimate of
the 3D target trajectory and speed profile.
This analysis begins with the transmission of an arbitrary
number N of waveforms during the radar collection. Define τt, n to
be the mean slow time of the nth waveform which the transmitter
emanates, and define τr, n to be the mean absorption time in the
receiver after scattering off of the target. The waveform temporal
profile can be infinitely sharp in terms of the fast time tf, as applied
in the related analysis [42]. Specifically, this profile corresponds to
that of the Kronecker delta function δ




1 if tf = 0
0 if tf ≠ 0
. (1)
The interval between successive transmitted waveforms is not
required to be fixed and instead is permitted to vary in any manner.
The time interval between the nth and {n + 1}th transmitted
waveforms is defined to be
δτt, n ≡ τt, n + 1 − τt, n . (2)
Consider the geometry for a single transmission waveform, as
presented in Fig. 1. The location xt, n = {xt, n, yt, n, zt, n} is the
transmission phase centre at the time τt, n of waveform emanation
and gives one the two foci of a 3D ambiguity ellipsoid. The
location xr, n = {xr, n, yr, n, zr, n} of the receiver phase centre at the
time τr, n of waveform absorption is the other focus of this ellipsoid.
The transmitted waveform scatters at the time τs, n off of the
idealised point target while it is at location xs, n = {xs, n, ys, n, zs, n}.
After this scattering event, some of the scattered energy propagates
to the radar receiver. Define Δ f n to be the temporal bandwidth for
waveform n. The impulse-like waveform profile in time applies
after target scattering as well as before.
In summary, the radar system collects a bistatic range
measurement Rn corresponding to the target scattering event for the
nth waveform of N. The parameter δRn is defined to be the
corresponding range measurement error. This analysis permits the
bandwidth of the transmitted waveform to be arbitrarily large, so
that δRn can be arbitrarily small.
These conditions of arbitrarily high precision and arbitrarily
large bandwidth are not realistic. However, the arguments
developed herein reveal that the subject 3D target motion
ambiguity applies even if such idealistic radar sensors were to
exist. That is, this ambiguity remains with real-world data with
finite precision and limited bandwidth, so the final conclusions are
the same.
4 Alternate trajectory
The present investigation proceeds by selecting arbitrary 3D
trajectories and speed profiles to describe the target motion during
N bistatic range measurements. The 3D functions describing the
true target motion and the motions of the radar transmitter and
receiver are used to generate the ideal set of bistatic range profile
measurements. The subsequent step is to construct a formal
mathematical methodology for constructing alternate sets of 3D
target trajectory and speed profiles which correspond to exactly the
same N bistatic range measurements as that obtained from the true
3D target motion and speed profiles. Note, this analysis does not
require that such alternate 3D target trajectory and speed profiles to
lie within some small neighbourhood of the true target motion
parameters. Specifically, such an alternate 3D target trajectory and
speed profile need not lie close to the true values in terms of target
position, velocity, acceleration, or any other motion parameter.
The analysis presented in this section applies for each
waveform independently of all others. Thus, there is an implied
index n for the particular waveform within the sequence of N such
transmissions. This index is suppressed in this section in order to
make the notation less cumbersome but will be reintroduced later
in this investigation as required.
The equations for the 3D ambiguity ellipsoid in terms of Earth-
fixed ground-plane coordinates are presented in [42]. In this earlier
work, the 3D ellipsoid is intersected with a 2D ground plane in
order to determine possible motions for surface targets. In the
current analysis, the intersection of the 3D ellipsoid with a ground
plane is not invoked. Instead, the current analysis proceeds by
constructing alternate 3D target trajectories by using the full 3D
ambiguity ellipsoid instead.
To generate specific numeric solutions, it is necessary to begin
with the selection of a coordinate system from which all radar
system measurements are referenced. It is often prudent to choose a
local Cartesian coordinate system that is fixed to the earth. The
selected coordinate system is a local Cartesian East–North-up
coordinate set defined relative to the local tangent ground plane to
the earth.
It is useful to repeat a few definitions that were originally
provided in [42] for convenience. First, define the round-trip
propagation fast time of the waveform from the transmitter to
receiver to be
Fig. 1  3D ellipsoid corresponding to a given single bistatic radar range
measurement, with the transmitter and receiver determining the locations of
the two foci. The region of overlap of the transmitter and receiver beam
patterns forms a 2D solid angle in which the target can lie for this
waveform scattering event
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Δτ ≡ τr − τt =
2R
c . (3)
This equation also gives the bistatic range R to the target. Denote
the location of the transmitter phase centre at waveform emanation
to be xt in terms of the selected Cartesian coordinates {x, y, z}
which are fixed relative to the earth. Similarly, denote the location
of the receiver phase centre at waveform reception to be xr. In
addition, define the location of the 3D ellipsoid centre to be
x0 ≡ 12{xr + xt} . (4)
Herein, the specific ground-plane coordinate values
{x, y, z} = {X0, Y0, Z0} are used for the ellipsoid centre.
Next, define the following 3D vector between the locations of
waveform emanation and reception via [42]:
w ≡ xr − xt . (5)
Specifically, denote {wx, wy, wz} to be the components of w along
the earth-fixed unit vectors {x̂, y^, ẑ}. Then, define following
elevation Φ and azimuthal Θ angles of the 3D ellipsoid relative to
the selected Earth-fixed coordinates to be [42]:
− π2 ≤ Φ ≡ arctan
wz
wx2 + wy2
≤ π2 , (6)
−π < Θ ≡ arctan wywx
≤ π . (7)
Here, the signs of wx and wy determine the quadrant of the
azimuthal angle Θ. Specifically, a positive value of wy corresponds
to Θ lying between zero and π, whereas a negative value yields an
angle between −π and zero.
Garren [42] gives the following form of the 3D ambiguity
ellipsoid in terms of {x, y, z}:
∑
0 ≤ α + β + γ ≤ 2
pαβγ xαyβzγ = 0. (8)
Here, the pαβγ coefficient functions are given by
p200 ≡ ρ, (9)
p020 ≡ ω, (10)
p002 ≡ γ, (11)
p110 ≡ {ψ − η}sin(2Θ), (12)
p011 ≡ {ξ − η}sin(Θ)sin(2Φ), (13)
p101 ≡ {ξ − η}cos(Θ)sin(2Φ), (14)
p100 ≡ −2X0ρ − Y0{ψ − η}sin(2Θ)
−Z0{ξ − η}cos(Θ)sin(2Φ),
(15)
p010 ≡ −X0{ψ − η}sin(2Θ) − 2Y0ω
−Z0{ξ − η}sin(Θ)sin(2Φ),
(16)
p001 ≡ −X0{ξ − η}cos(Θ)sin(2Φ)





2ρ + Y02ω + Z02γ
+X0Y0{ψ − η}sin(2Θ)
+X0Z0{ξ − η}cos(Θ)sin(2Φ)
+Y0Z0{ξ − η}sin(Θ)sin(2Φ) .
(18)
Also, the parameters ξ, η, ψ , γ, ρ, and ω are defined for an
individual waveform via
ξ ≡ {cΔτ}−2, (19)
η ≡ {{cΔτ}2 − ∥ xr − xt ∥2}−1, (20)
ψ ≡ ξcos2(Φ) + ηsin2(Φ), (21)
γ ≡ ξsin2(Φ) + ηcos2(Φ), (22)
ρ ≡ ψcos2(Θ) + ηsin2(Θ), (23)
ω ≡ ψsin2(Θ) + ηcos2(Θ) . (24)
4.1 Selection of first alternate trajectory position
This analysis proceeds via the selection of an alternate target
position for the first bistatic range measurement within the
sequence of processed radar returns. This alternate target position
is not required to be within a small neighbourhood of the true target
position at this time, but it is required to remain within the overlap
of the transmission and reception beam patterns.
A graphic of the 3D ambiguity ellipsoid for a single waveform
is shown in Fig. 1, with a dashed line delimiting the outer bounding
2D surface. This figure presents the region of overlap of the
transmission and reception beam patterns on the 2D surface of the
3D ambiguity ellipsoid as a 2D solid angle, which is shown via a
dotted line about its boundary.
For most cases, the scattering of the radar waveform off of the
target occurs within the overlap of the transmission and reception
beam patterns. In some instances, the target scattering can occur
within a sidelobe instead of the main lobe, which can apply for
waveform transmission, reception, or both. For example, a highly
reflective target in a sidelobe can yield a radar return. In such
cases, the 2D solid angle of the surface of the 3D ambiguity
ellipsoid can be extended to include any relevant sidelobes in
addition to the main lobe. For the case of omnidirectional
transmitter and receiver, the 2D solid angle reduces to the full
surface of the 3D ambiguity ellipsoid.
The computation of an alternate target trajectory continues with
the selection of an alternate initial target location within the 2D
solid angle of the 3D ellipsoid. This construction is basically an
extension of the ground-plane methodology developed in [42]. A
specific numeric computation can be initiated by selecting values
of x and z of the earth-fixed coordinates within the 2D overlap
solid angle. Again, the selected {x, z} values need not lie within a
small neighbourhood of the true target scattering event. Next, the
quadratic equation of (8) is applied to compute the value of y
corresponding to the selected {x, z}, i.e.
y = −g1(x, z) ± {g1(x, z)}
2 − 4p020g2(x, z)
2p020
, (25)
Here, the following functions are defined:
g1(x, z) ≡ p110x + p011z + p010, (26)
g2(x, z) ≡ p200x2 + p101xz + p002z2
+ p100x + p001z + p000 .
(27)
Real-valued solutions for y are obtained only if the argument of the
radical in (25) is non-negative. Furthermore, there is no issue with
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the ± sign in this equation, since the basic goal of this
methodology is to construct at least one alternate solution.
Garren [42] describes concepts, wherein the actual values of the
fast time τ depend on the particular alternate point x ≡ {x, y, z}
obtained from (25). This time τ of waveform scattering off of the
target is computed using
τ = τt +
ℓt
c . (28)
Here, the path length from the transmitter location at waveform
emanation to the target scattering point is defined via
ℓt ≡ ∥ xt − x ∥ . (29)
The selected alternate target trajectory typically will have a
different scattering time relative to that of the true target motion.
Garren [42] discusses the fact that general bistatic collections
yield only the total waveform traversal distance of ℓt + ℓr, wherein
the length from the receiver location at waveform reception to the
target scattering point is defined to be
ℓr ≡ ∥ xr − x ∥ . (30)
Therefore, the waveform scattering fast time τ is also ambiguous
for general bistatic collection conditions. However, τ becomes
specified via (28) after the selection of a specific alternate
scattering point {x, y, z} using (25). In contrast, monostatic
systems yield the more simplified solution, wherein the true target
and any selected alternate target trajectory yield the same target
scattering time to be equal to the midpoint of the transmission and
reception times, i.e.
τ ≡ τt + τr2 . (31)
This section has presented a numerical methodology for generating
an alternate possible space–time point {x1, y1, z1, τ1}alt which is
consistent with the bistatic range measurement R1 obtained from
the true target values {x1, y1, z1, τ1}true. The earlier suppression of
the waveform indices has been reintroduced for clarity. The
generation of alternate space–time points for subsequent
waveforms follows the progression provided for the initial
waveform.
4.2 Selection of second alternate trajectory position
The motions of the transmitter and receiver are effectively
arbitrary, as discussed in Section 2. Thus, the transmitter location
xt, 2 is permitted to be different than the corresponding position xt, 1
for the previous waveform. A possible change in location also
applies for the receiver position xr, 2. In addition, the true target
space–time point {x2, y2, z2, τ2}true for the second waveform can be
different from that of the previous waveform. These potential
location changes generally yield different values of the time-of-
flight measurement Δτ2 and the corresponding bistatic range
measurement R2 than for the first waveform.
The generation of an alternate {x2, y2, z2, τ2}alt follows the same
process as that for the initial waveform. These values are used to
compute a new 3D ambiguity ellipsoid via (8) corresponding to the
second waveform. Then, {x, z} are selected which are consistent
with R2 and the overlap of the transmission and reception beam
patterns for the second waveform. The value of y is obtained using
(25), and the scattering time τ2 is generated using (28). This
analysis yields {x2, y2, z2, τ2}alt for the second waveform.
Thus, two sets of alternate space–time points {x1, y1, z1, τ1}alt
and {x2, y2, z2, τ2}alt are constructed. As stated previously, the time
interval δτ1 of (2) between these two measurements is permitted to
be arbitrarily small. However, it is possible to include additional
kinematics constraints pertaining to possible motions of the target.
For example, it is possible that a target can be limited by a
maximum possible speed. Under such conditions, a target can
transit only a limited distance between the two waveform scattering
events, so that the distance between the locations of these
scattering events is also constrained correspondingly.
The current procedure effectively determines the mean value of
the 3D target velocity vector over the time interval between τ1 and
τ2. Recall that the generation of the alternate target location at the
second waveform scattering event requires that the selected point
lie on the locus of the 2D solid angle determined by the beam
pattern overlap on the 3D ambiguity ellipsoid. This construction
implies that effectively two out of three components of the mean
target 3D velocity vector are free, with the third component
determined by the values of the other two via (25).
4.3 Selection of third alternate trajectory position
The methodology for generating a third alternate target point
{x3, y3, z3, τ3}alt follows that of the two previous selections
{x1, y1, z1, τ1}alt and {x2, y2, z2, τ2}alt. Again, the transmitter location
xt, 3 and the receiver location xr, 3 are permitted to be different than
that of the two previous waveforms. In addition, the true point
{x3, y3, z3, τ3}true for the third scattering event can change relative
to the two previous scattering events. These changes give a
particular time-of-flight measurement Δτ3 and the resulting bistatic
range measurement R3.
The next step involves the selection of {x3, z3} which lies on the
2D solid angle that is obtained from the bistatic range measurement
and the overlap of the transmission and reception beam patterns.
Again, these values do not need to lie within a small
neighbourhood of the corresponding true target values. Next, (25)
is used to obtain y3, which gives the full 3D alternate target
position. Similarly, (28) is used to obtain the time τ3 corresponding
to this third scattering event. Therefore, this methodology gives
three sets of alternate {x1, y1, z1, τ1}alt, {x2, y2, z2, τ2}alt, and
{x3, y3, z3, τ3}alt, which yield identical bistatic range measurements
as obtained from the true target motion.
It is possible that kinematics constraints can be applied based
on the motion capabilities of the particular target. For example,
finite inertia effects can constrain the possible locations for the
target for the third waveform scattering event. In particular, air
targets typically possess some maximum acceleration capability,
which correspondingly places limits on the ability of the target to
change speed or direction within a given time interval.
The discussion above clarifies that there are fundamentally two
degrees of freedom available in the selection of the initial target
location. This 2D freedom is defined by the 2D solid angle that is
consistent with R1 and the overlap in the transmission and reception
beam patterns for the first waveform. Similarly, there are two
degrees of freedom available for the second bistatic range
measurement, which corresponds to the 2D solid angle of the
transmission–reception beam overlap on the surface of the second
ambiguity ellipsoid. In the same manner, two degrees of freedom
are available for the third bistatic range measurement. Therefore,
though three degrees of freedom are available in selecting the three
spatial components of a target's acceleration during some interval,
only two degrees of freedom are available in order to be consistent
with the bistatic range measurements of the true target motion.
4.4 Selection of higher-order trajectory positions
The generation of all of the following higher-order alternate target
positions follows the process outlined for the first three. In
particular, consider the nth bistatic range measurement Rn. Again,
the positions of the transmitter xt, n and receiver xr, n are permitted
to be different from that corresponding to the previous
measurements. Next, values for {xn, zn} are selected according to
consistency with the bistatic range measurement and the overlap of
the transmission and reception beam patterns. Then, (25) is applied
to yield a computed value of y3 which gives the alternate target
position. Similarly, (28) is applied to compute the time τn
corresponding to this scattering event. In summary, this process
presents a method for computing an alternate target position and
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time of {xn, yn, zn, τn} for the nth waveform. All higher-order
motion parameters for the alternate target trajectory can be
generated in this manner.
5 Range rate or Doppler measurements
The discussion above reveals that ambiguities exist in attempting to
estimate target motion parameters based on a sequence of bistatic
range measurements. In the current section, this analysis is
extended to include the effects of including bistatic Doppler
measurements. The arguments presented herein for targets with 3D
motion are an extension of that for ground-plane targets in [42].
The analysis begins by considering any two bistatic range
measurements corresponding to successive radar waveforms. Each
of these bistatic range measurements corresponds to a particular 3D
ambiguity ellipsoid. In particular, a set of alternate target positions
lies within the 2D solid angle on the surface of each ellipsoid and
within the overlap of the radar transmission and reception beams.
That is, the selected 3D positions of the alternate target trajectory
yield the identical set of two bistatic range measurements as that
corresponding to the true target motion.
The next stage considers two successive bistatic range
measurements to estimate the instantaneous target ‘range rate’
value, which is also often defined as the ‘Doppler’ of the target.
The following definitions for 3D target motion correspond to that
developed for ground-plane targets in [42] but are repeated briefly
for convenience. Note that the instantaneous range rate
corresponding to two successive waveforms n and {n + 1} is
approximately equal to
Rn{1} ≅
Rn + 1 − Rn
δτt, n
. (32)
This equation reveals that a particular alternate target trajectory
yields the same bistatic range rate estimates as that of the true
target motion. This result follows since Rn + 1 and Rn are identical
for both the fictitious target motion and the true trajectory. One can
conclude that the target range rate Rn{1} does not yield information
which can remove the fundamental ambiguity in estimating the 3D
motion of targets.
The current discussion applies even in the theoretical limit in
which the time interval δτt, n between any two successive
waveforms approaches zero, i.e.
Rn{1} ≡ lim
δτt, n → 0
Rn + 1 − Rn
δτt, n
, (33)
as discussed in [42]. In this limit of a vanishing time interval, the
two 3D ambiguity ellipsoids corresponding to these two
waveforms converge to be overlapping as well. Thus, the definition
of the range rate in (32) remains valid in this limit, so that this
analysis does not impose any additional constraint based on the
time interval between successive transmission waveforms.
The estimate of the range rate or Doppler is effectively
equivalent to the first derivative of a pair of successive bistatic
range measurements. It is interesting from a theoretical perspective
that these arguments also apply for higher derivatives of the bistatic
range, as discussed in [42]. Thus, consider that any two successive
pairs of range-rate measurements, which are each obtained as the
first derivative of the bistatic range, can be applied to estimate the
bistatic range acceleration. These arguments imply that the mth-
order derivative of the bistatic range is
Rn{m} ≡ lim
δτt, n → 0
Rn + 1{m − 1} − Rn{m − 1}
δτt, n
. (34)
Again, this development reveals that the estimates of the mth-order
bistatic range value are identical for the true target motion and that
corresponding to any alternate target trajectory. Thus, the
fundamental ambiguities exist in attempting to estimate the 3D
motion of a target based on bistatic range values including any set
of mth-order derivatives of such measurements.
6 Alternate target trajectory example
The final step in the current investigation is to construct a
numerical example of the 3D target motion ambiguity. This
example considers a bistatic system in which the transmitter,
receiver, and target are moving with constant velocity. It is
certainly possible to select more general trajectories and speed
profiles. However, the current example is useful in facilitating an
understanding of the basic 3D ambiguity concepts. The overall
procedure is effectively a modification of the 2D ambiguity case
developed in [42].
The specific parameters are given as follows. The radar
transmits 10, 001 waveforms over a 10 s interval with a pulse
repetition frequency (PRF) of 1 kHz. The average locations for the
transmitter, receiver, and target are chosen to be
{ − 4, 22, 1.2}, {3, 20, 1}, and { − 0.2, − 0.3, 5.4}km,
respectively, in terms of Earth-fixed Cartesian coordinates. The
respective values of the constant velocity vectors are given by
{150, 30, 0}, {100, − 15, 0}, and { − 200, 300, − 50}m/s.
The analysis continues by computing the pα, β, γ. There are a set
of pα, β, γ coefficients for each individual waveform. That is, the
pα, β, γ coefficient functions also contain an implicit index n for the
particular waveform. The true motion parameters of the transmitter,
receiver, and target are used to compute the values of the round-trip
propagation time Δτ and bistatic range R in (3) for each n.
The next step involves the calculation of the specific detailed
trajectory corresponding to a non-existent fictitious target which
yields the identical set of bistatic range measurements R for the
entire radar collection. This process continues by using (26) and
(27) to compute g1(x, z) and g2(x, z) for an alternate target
trajectory. In particular, the true target motion yields a specific
{x, z} for each of the n radar scattering events. The construction of
an alternate target trajectory requires the selection of a different
{x, z} for each n.
One methodology for selecting an alternate {x, z} pair involves
a simple shifting and scaling of the true values. In the current
example, the scale for the x points is stretched by a multiplicative
factor of 1.4, followed by an additive shift of 2.5 km. Similarly, the
scale for the z points is compressed by a multiplicative factor of
0.8, followed by an additive shift of −1.25 km.
The construction of an artificial set of {x, z} corresponding to a
fictitious target trajectory enables (26) and (27) to give g1(x, z) and
g2(x, z). These functions, in turn, yield values for the y-coordinate
of the alternate target trajectory via (25) for each n. The only
proviso that the radical must give real-valued solutions, as does
apply for this construction. Thus, this process yields an alternate
set of {x, y, z} for each n.
Fig. 2 presents a top–down perspective of the simulation
including trajectory paths of the transmitter and receiver. Also
shown are the trajectories of the true target motion and that of the
alternate fictitious target. Note that the mean value of the azimuth
heading differences between the true and fictitious targets are
significant, corresponding to ∼13∘. Even more importantly, the
distance between the true and fictitious targets is about 2.5 km, so
that these results are indicative of the challenges of attempting to
estimate a moving target's location which is more accurate than
that available from the overlap of the transmission and reception
beamwidths. 
Fig. 3 presents the variation in the speed of the alternate
fictitious target. Note that the speed of the fictitious target varies by
only about 3%, whereas that of the true target has an exactly
constant speed. This 3% speed variation is relatively small for most
air targets, so that kinematic constraints do not remove this
alternative fictitious target from the candidate pool of possible
motions. 
Fig. 4 shows that the azimuth heading of the alternate fictitious
target is not exactly uniform but instead exhibits a total variation of
about 2∘. In addition, the elevation heading (not shown) is almost
exactly constant with a value of −5.768181186∘. 
IET Radar Sonar Navig., 2017, Vol. 11 Iss. 10, pp. 1523-1529
© US Government 2017
1527
Fig. 5 presents plots of the bistatic range corresponding to the
true and fictitious targets. Detailed examination reveals that the
bistatic range values are in exact agreement within machine
precision over the full collection interval. This result gives
confidence in the accuracy of the analytics and code. 
7 Conclusions
This paper investigates the fundamental ambiguities which arise in
attempting to estimate the 3D trajectory and speed profiles of
moving targets for general radar collections. Specifically, these
ambiguities exist for general bistatic geometries in which the
transmitter and receiver are located at different positions, as well as
for the degenerate monostatic case. That is, it is not possible to
uniquely and unambiguously localise and estimate the 3D
trajectory and speed profiles corresponding to a generic target. In
effect, any attempt to localise such a target must rely on the overlap
in the energy patterns of the transmission and reception
beamwidths.
The fundamental 3D motion ambiguities analysed herein are of
continuous nature, in a manner which is similar to that of the 2D
ground-plane motion ambiguities considered in [42]. Specifically,
these ambiguities are fundamentally distinct from the discrete
ambiguities which arise in the processing of moving target
indication (MTI) range–Doppler data. In particular, it is possible to
mitigate and remove the effects of the discrete MTI range–Doppler
ambiguity through the transmission of bursts of waveforms that are
characterised by differing PRFs, thereby selecting different values
of the unambiguous range. However, the use of these tricks to
mitigate the discrete range–Doppler ambiguity has absolutely no
effect in removing the continuous ambiguity of the 3D target
trajectory and speed profile.
The continuous-based 3D target motion ambiguities examined
herein apply for all orders in the target motion including the 3D
mean position, the 3D velocity, the 3D acceleration, as well as all
higher-order moments. The example developed herein considers
the construction of an alternate fictitious target trajectory which is
located ∼2.5 km from that of the true target, so that the location of
a moving target is constrained only in that it must lie in the overlap
of the transmission and reception beam patterns. In addition, the
azimuth heading of this same fictitious target is ∼13∘ different from
that of the true target, so even attempts to estimate a target's
heading can be suspect.
This 3D ambiguity discussion presented herein is perhaps more
intuitive than that of the previous analysis [42] regarding 2D target
motion on a ground plane. Some radar practitioners may have
insight that a given sequence of bistatic range measurements for a
given target is not unique. However, there can be benefits in
establishing a rigorous mathematical framework for such concepts.
In addition, the constraint equations developed in the current
analysis can provide the foundation for further insights into the
inference of target motion characteristics based on radar data.
This analysis yields the profound implication that there do not
exist any specific motion trajectories of the transmitter and receiver
for which it is possible to form a unique estimate of the target's 3D
location and other motion parameters. In addition, the temporal
bandwidths of the radar waveforms can be arbitrarily large, and
this fundamental continuous-based 3D ambiguity still remains.
Thus, this investigation suggests that the primary strategy in
Fig. 2  Top–down perspective of the overall collection geometry for the
selected example, showing the trajectories of the radar transmitter, the
radar receiver, the true target, and the alternate fictitious target
 
Fig. 3  Speed of the alternate fictitious target varies by only about 3%
during the entire radar collection interval
 
Fig. 4  Azimuth heading of the alternate fictitious target varies by only
about 2∘ during the entire radar collection interval
 
Fig. 5  Bistatic range profiles of the true and fictitious targets are in exact
agreement to machine precision over the entire radar collection interval
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estimating the 3D motion of a target is by narrowing the overlap in
the transmission and reception beamwidths.
8 Acknowledgments
The author thanks AFRL for partial support of this work. DoD
Distribution Statement A: Unlimited Distribution. The views
expressed in this document are those of the author and do not
reflect the official policy or position of the Department of Defense
or the U.S. Government.
9 References
[1] Raney, R.K.: ‘Synthetic aperture imaging radar and moving targets’, IEEE
Trans. Aerosp. Electron. Syst., 1971, 7, (3), pp. 499–505
[2] Perry, R.P., DiPietro, R.C., Fante, R.L.: ‘SAR imaging of moving targets’,
IEEE Trans. Aerosp. Electron. Syst., 1999, 35, (1), pp. 188–200
[3] Fienup, J.R.: ‘Detecting moving targets in SAR imagery by focusing’, IEEE
Trans. Aerosp. Electron. Syst., 2001, 37, (3), pp. 794–809
[4] Cristallini, D., Pastina, D., Colone, F., et al.: ‘Efficient detection and imaging
of moving targets in SAR images based on chirp scaling’, IEEE Trans.
Geosci. Remote Sens., 2013, 51, (4), pp. 2403–2416
[5] Jakowatz, Jr.C.V., Wahl, D.E., Eichel, P.H.: ‘Refocus of constant velocity
moving targets in synthetic aperture radar imagery’. Proc. SPIE: Algorithms
Synth. Aperture Rad. Imagery V, Edmund G Zelnio, Editor, 1998, 3370, pp.
85–95
[6] Rigling, B.D.: ‘Image-quality focusing of rotating SAR targets’, IEEE Geosci.
Remote Sens. Lett., 2008, 5, (4), pp. 750–754
[7] Vu, V.T.S., Pettersson, T.K., Gustavsson, M.I., et al.: ‘Detection of moving
targets by focusing in UWB SAR – theory and experimental results’, IEEE
Trans. Geosci. Remote Sens., 2010, 48, (10), p. 3799
[8] Stojanovic, I., Karl, W.C.: ‘Imaging of moving targets with multi-static SAR
using an overcomplete dictionary’, IEEE J. Sel. Top. Signal Process., 2010, 4,
(1), pp. 164–176
[9] Leducq, P., Ferro-Famil, L., Pottier, E.: ‘Matching-pursuit-based analysis of
moving objects in polarimetric SAR images’, IEEE Geosci. Remote Sens.
Lett., 2008, 5, (2), pp. 123–127
[10] Fasih, A.R., Ertin, E., Ash, J.N., et al.: ‘SAR focusing performance for
moving objects with random motion components’. 2008 ACSSC 42nd
Asilomar Conf. Signals, Systems and Computers, October 2008, 2008, pp.
1628–1632
[11] Zhu, S., Liao, G., Qu, Y., et al.: ‘Ground moving targets imaging algorithm
for synthetic aperture radar’, IEEE Trans. Geosci. Remote Sens., 2011, 49,
(1), pp. 462–477
[12] Cheney, M., Borden, B.: ‘Waveform-diverse moving-target spotlight SAR’,
Proc. 2010 Int. Waveform Diversity and Design Conf. held 8–13 August 2010
in Niagara Falls, Canada, 2010, pp. 33–34
[13] Xu, J., Zuo, Y., Xia, B., et al.: ‘Ground moving target signal analysis in
complex image domain for multichannel SAR’, IEEE Trans. Geosci. Remote
Sens., 2012, 50, (2), pp. 538–552
[14] Yake, L., Yanfei, W., Chang, L.: ‘Detect and autofocus the moving target by
its range walk in time domain’, International Conference on Wireless
Communications and Signal Processing (WCSP), 2011 DOI: 10.1109/
WCSP.2011.6096755
[15] Li, X., Deng, B., Qin, Y., et al.: ‘The influence of target micromotion on SAR
and GMTI’, IEEE Trans. Geosci. Remote Sens., 2011, 49, (7), pp. 2738–2751
[16] Deng, B., Qin, Y., Wang, H., et al.: ‘An efficient mathematical description of
range models for high-order-motion targets in synthetic aperture radar’. Proc.
2012 IEEE Radar Conf. held 7–11 May 2012 in Atlanta, GA, 2012, pp. 6–10
[17] DiPietro, R.C., Fante, R.L., Perry, R.P.: ‘Space-based bistatic GMTI using
low resolution SAR’. IEEE Aerospace Conf. 1997, 1997, 2, pp. 181–193
[18] Jao, J.K.: ‘Theory of synthetic aperture radar imaging of a moving target’,
IEEE Trans. Geosci. Remote Sens., 2001, 39, (9), pp. 1984–1992
[19] David, A.G.: ‘Method and system for developing and using an image
reconstruction algorithm for detecting and imaging moving targets – U.S.
Patent 7456780 B1’. US 7456780 B1, 2008
[20] Mao, X.Z., Zhu, Z.D.D.Y.: ‘Signatures of moving target in polar format
spotlight SAR image’, Prog. Electromagn. Res., 2009, 92, pp. 47–64
[21] Mao, X., Zhu, D., Wang, L., et al.: ‘Response of polar format algorithm to
moving target with consideration of wavefront curvature’. 2009 IEEE Radar
Conf., Pasadena, CA, 2009
[22] Linnehan, R., Perlovsky, L., Mutz, C., et al.: ‘Detecting slow moving targets
in SAR images’. Proc. SPIE 5410, Radar Sensor Technology VIII and Passive
Millimeter-Wave Imaging Technology VII, 64 (August 12, 2004), Orlando,
Florida, USA, 2004, p. 64
[23] Barbarossa, S., Farina, A.: ‘A novel procedure for detecting and focusing
moving objects with SAR based on the Wigner–Ville distribution’. IEEE Int.
Radar Conf., 1990, p. 44
[24] Barbarossa, S.: ‘Detection and imaging of moving objects with synthetic
aperture radar – part 1: optimal detection and parameter estimation theory’,
IEE Proc. F, 1992, 139, (1), pp. 79–88
[25] Barbarossa, S., Farina, A.: ‘Detection and imaging of moving objects with
synthetic aperture radar – part 2: joint time-frequency analysis by Wigner–
Ville distribution’, IEE Proc. F, 1992, 139, (1), pp. 89–97
[26] Kirscht, M.: ‘Detection and imaging of arbitrarily moving targets with single-
channel SAR’, IEE Proc., Radar Sonar Navig., 2003, 150, (1), pp. 7–11
[27] Dias, J.M.B., Marques, P.A.C.: ‘Multiple moving target detection and
trajectory estimation using a single SAR sensor’, IEEE Trans. Aerosp.
Electron. Syst., 2003, 39, (2), pp. 604–624
[28] Marques, P.A.C., Dias, J.M.B.: ‘Moving targets processing in SAR spatial
domain’, IEEE Trans. Aerosp. Electron. Syst., 2007, 43, (3), pp. 864–874
[29] Garren, D.A.: ‘Smear signature morphology of surface targets with arbitrary
motion in spotlight synthetic aperture radar imagery’, IET Radar Sonar
Navig., 2014, 8, (5), pp. 435–448, Date of Publication as an IET E-First
article: 06 January 2014
[30] Garren, D.A.: ‘Signatures of braking surface targets in spotlight synthetic
aperture radar’, Proc. 2014 Sensor Signal Processing for Defence, held in
Edinburgh, UK, on 08–09 September 2014, 2014, pp. 51–55
[31] Garren, D.A.: ‘Signature predictions of surface targets undergoing turning
maneuvers in spotlight synthetic aperture radar imagery’. Proc. SPIE, Vol
9475, 94750A, Algorithms for Synthetic Aperture Radar Imagery XXII, 20–
24 April 2015, in Baltimore, MD, USA, 2015, pp. 4997–5008
[32] Garren, D.A.: ‘Signatures of surface targets with increasing speed in spotlight
synthetic aperture radar’. 2015 IEEE Int. Radar Conf., 11–15 May 2015 in
Arlington, Virginia, USA, 2015, pp. 1114–1118
[33] Duman, K., Yazici, B.: ‘Moving target artifacts in bistatic synthetic aperture
radar images’, IEEE Trans. Comput. Imaging, 2015, 1, (1), pp. 30–43
[34] Garren, D.A.: ‘Theory of two-dimensional signature morphology for
arbitrarily moving surface targets in squinted spotlight synthetic aperture
radar’, IEEE Trans. Geosci. Remote Sens., 2015, 53, (9), pp. 4997–5008, Date
of Publication to IEEE Xplore as an Early Access Article: 17 April 2015
[35] Garren, D.A.: ‘Signature morphology effects of squint angle for arbitrarily
moving surface targets in spotlight synthetic aperture radar’, IEEE Trans.
Geosci. Remote Sens., 2015, 53, (11), pp. 6241–6251, Date of Publication to
IEEE Xplore as an Early Access Article: 29 June 2015
[36] Garren, D.A.: ‘SAR ground-plane mover signatures for non-zero radar
ascent’, IEEE Trans. Aerosp. Electron. Syst., 2017, Date of Publication to
IEEE Xplore as an Early Access Article: 29 March 2017
[37] Minardi, M.J., Gorham, L.A., Zelnio, E.G.: ‘Ground moving target detection
and tracking based on generalized SAR processing and change detection’.
Proc. SPIE, Vol. 5808, Algorithms for Synthetic Aperture Radar Imagery XII,
14 June 2005, in Orlando, FL, USA, 2005, vol. 5808, pp. 156–165
[38] Scarborough, S., Lemanski, C., Nichols, H., et al.: ‘SAR change detection
MTI’. Proc. SPIE, Vol 6237, Algorithms for Synthetic Aperture Radar
Imagery XIII, 17 May 2006, in Orlando, FL, USA, 2006, vol. 6237, pp.
62370V–1–62370V–11
[39] Minardi, M.J., Zelnio, E.G.: ‘Comparison of SAR based GMTI and standard
GMTI in a dense target environment’. Proc. SPIE, Vol 6237, Algorithms for
Synthetic Aperture Radar Imagery XIII, 17 May 2006, in Orlando, FL, USA,
2006, vol. 6237, pp. 62370X–1–62370X–10
[40] Holston, M.E., Minardi, M.J., Temple, M.A., et al.: ‘Characterizing
geolocation ambiguity responses in synthetic aperture radar: ground moving
target indication’. Proc. SPIE, Vol 6568, Algorithms for Synthetic Aperture
Radar Imagery XIV, 7 May 2007, in Orlando, FL, USA, 2007, vol. 6568, pp.
656809–656809–11
[41] Newstadt, G.E., Zelnio, E.G., Gorham, L., et al.: ‘Detection/tracking of
moving targets with synthetic aperture radars’. Proc. SPIE, Vol 7699,
Algorithms for Synthetic Aperture Radar Imagery XVII, 5 April 2010, in
Orlando, FL, USA, 2010, vol. 7699, pp. 7699DI–1–7699DI–10
[42] Garren, D.A.: ‘Ambiguities in target motion estimation for general SAR
measurements’, IET Radar Sonar Navig., 2016, 10, (9), pp. 1720–1728, Date
of Publication as an IET E-First article: 28 April 2016
IET Radar Sonar Navig., 2017, Vol. 11 Iss. 10, pp. 1523-1529
© US Government 2017
1529
